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Instructions to Candidates :

(b)

()

(b)

(c)

(b}

Answer any SIX full questions of the following choosing atleast ONE from
each Part.

PART - A
(i  Prove that the intersection of any two normal subgroups of a group
G is also a normal subgroup. 2
(ii) Show that every quotient group of an abelian group is abelian. 2

Prove that a subgroup H of a group G is a normal subgroup of G if and

onlyif gHg'e HV geG. 5

State and prove the fundamental theorem on homomorphism of groups.
6

(il  Define ring without zero divisors and give an example. 2

0 /
(ii) Show that the set S = {{Z :I a,b,ce z} is a subring of the ring

C

M,(z) of all 2 x 2 matrices over the set of integers. 2
If Uand V are ideals of a ring R, then show that U +V 1is also an ideal of
R : 5
If p is an integer then prove that pz is a maximal ideal of (z, +, X} if and
only if p is prime. 6

PART ~B

@ Is f{x)=x?+x+2 is reducible over Z. 2
(i} Find all the units and zero divisors of a commutative ring z, . 2

Find the GCD of f(x)=4x"-12x*-15x-4 an: g(x)=12x*-24x-15
over Q[x]. 5
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(c)

(b}

(©)

(b)

(c]

(c)

I flx)=a,+ax+ax®++ax" is a polynomial in x of degree n with
integral coefficients then prove that any rational root of the equation

f{x}=0 must have the form where r/a, and s/a, . 6
s

(i  Prove that the centre zof a group Gis a normal subgroup of G. 2

(ii) Show that zis not an ideal of the ring (Q, +, .)

Let G be group of all real numbers w.r.t. 4’ and G’ be group of non-zero
complex numbers w.r.t. ‘X. Show that f:G— G defined by

Flx)=cosx+isinx is a homomorphism. Find its Kernel. Is f an
isomorphism? 5

If f:R> R bea homomorphism of rings with Kernel K then prove that

(i)  Kis a subring of R

(iij Kernel K of ‘£ is an ideal in R. 6
PART-C
()  Ina vector space V(F), prove that C-a=0=C=0 or ¢ =0. 2

(i) Show that the subset w={(x,y, z)/x+y+z= 0} of the vector
space V,(R) is a subspace of V,(R). ‘ 2

In V, [zs] how many vectors are spanned by the vectors (1, 2, 1)} and
2,1, 2). 5
Prove that the set S={¢, @y, @, } of non-zero vectors of vector space

V[F] with @, # 0 is linearly dependent if and only if one of the vectors
say ag(K > 2) is a linear combination of its preceding ones. 6

() Determine whether the vectors (1, 0, 2), (1,0, 1), (0, 1, 2) of V4(R)
linearly dependent or linearly independent. 2

(i) Prove that the super set of linearly dependent set is linearly
dependent. 2

(1
Show that the set 5=/ [ OJ, [O l:l, {O 0], [O OJ} form a basis of the

(10 of [0 o1 oflo 1

vector space Vof all 2 x 2 matrices over R, 5
Find the basis and dimension of the subspace spanned by
S=1{(1,23)(3,1,0),(213)} in V,(R). 6

2
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7. {(a)
(b)
(c)
8. (g
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PART -D

() If T:U->V is a linear transformation then prove that
T(-a)=-Te)VaeV. 2

(ii)  Find the linear transformation T:R? -» R? such that T(1,1)= (0, 1)
and T(-1,1)=(3, 2). 2

Find the - range space, Kernel, rank and nullity of the linear
transformation T :V,(R)— V,(R) defined by T(x,y)=(x+y, x). Also
verify rank-nullity theorem. S

Find the orthonormal basis for the vector space spanned by the vectors
{(,o,0) (1, 1,1), 0, 2, 3)}. 6

() If u=xy+y*z+2z° then show that

a_u+§y_+a_u:(x+y+z)2_ 2
dx Jdy dz
{iif Ifz = é" (xcosy ~ysiny) then shox-vv that -?EE-'r-iy—:O. 2
S Tt ey
x* +y? du  du
If u =sin™ , then show that x-—+y—~= = tanu. 5
X+y ox dy

Investigate the maximum and minimum of the function

Cfly)=x+y® -3xy. 6
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